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Abstract
The 2-ghastly spaces, first constructed by Daverman and Walsh, are resolvable generalized
manifolds that contain no embedded 2-cells. In this paper, we demonstrate that there are 2-ghastly
spaces of dimension n  4 with the disjoint homotopies property. Such spaces are necessarily
codimension one manifold factors.
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1. Introduction
The problem of characterizing spaces that have the property that their product with R
is a manifold remains unsolved. Such spaces are called codimension one manifold factors.
The fact that there are non-manifold spaces that are codimension one manifold factors was
demonstrated in the mid 1950s by R.H. Bing with his construction of the famous Dogbone
space [1,2]. Since then, much work has been done on the problem. It is now known that
a necessary condition for a space to be a codimension one manifold factor is that the
space is a resolvable generalized manifold [9]. In the case of spaces of dimension n= 3,
the verification that a space is a codimension one manifold factor is generally done by a
shrinking argument. However, more flexible methods of verification in the case of n  4
are possible due to the characterization of n-manifolds, n  5, as resolvable generalized
manifolds with the disjoint disks property. Classes of resolvable generalized manifolds of
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dimension n  4 that are known to be codimension one manifold factors include: spaces
that have the disjoint arc-disk property [5] (which also include spaces that arise from
(n− 3)-dimensional or closed (n− 2)-dimensional decompositions [6,3]); spaces whose
non-manifold points are contained in an embedded (n− 1)-complex [5]; and spaces that
arise from a nested defining sequence [5]. The most bizarre spaces that have been shown
to be codimension one manifold factors are the ghastly spaces that arise from controlled
Daverman/Walsh constructions in [7]. These spaces contain no embedded 2-cells and do
not fall within any of the previous categories.
In an effort to identify a general position property that characterizes resolvable
generalized manifolds of dimension n  4, which is analogous to the disjoint disks
property, the disjoint homotopies property was first proposed by R.D. Edwards. A space X
has the disjoint homotopies property (DHP) if any two path homotopies, f,g :D× I →X
can be approximated by homotopies, f ′, g′ :D× I →X so that f ′t (D)∩ g′t (D)= ∅ for all
t ∈ I whereD = I = [0,1]. In [8], DHP is shown to be a sufficient condition to characterize
resolvable generalized manifolds of dimension n 4 as codimension one manifold factors.
Spaces that have DHP include spaces that have the disjoint arc-disk property and spaces
that arise from nested defining sequences. It is also demonstrated in [8] how to generalize
the Daverman/Walsh constructions to form k-ghastly spaces for 2 < k < n, i.e., spaces
that contain no embedded k-cells but do contain embedded (k − 1)-cells. Examples of
k-ghastly spaces with DHP are obtained by controlling their constructions to insure that
they have the plentiful 2-manifolds property, which then implies DHP. A space, X, has
the plentiful 2-manifolds property (P2MP) if each path α : I → X can be approximated
by a path α′ : I → N ⊂ X where N is a 2-manifold embedded in X. Clearly 2-ghastly
spaces cannot have this property. Therefore, at the time of writing of [8], the existence
of 2-ghastly spaces with DHP was unknown. Since Daverman and Walsh proved the
existence of 2-ghastly spaces that are codimension one manifold factors, the answer to
the question of whether or not 2-ghastly spaces can have DHP is critical in determining
the effectiveness of DHP to characterize codimension one manifold factors of dimension
n 4.
In this paper we demonstrate that 2-ghastly spaces of dimension n  4 with DHP
do indeed exist. Interestingly enough, although the approaches are different, the control
required to obtain 2-ghastly spaces with DHP is essentially the same that Daverman and
Walsh required to obtain 2-ghastly spaces that are codimension one manifold factors.
2. δ-Fractured maps
The method of δ-fractured maps is similar to the method utilizing P2MP. However, em-
bedded thin manifolds are not required. Instead, nearly embedded thin manifolds together
with a pseudo-general position property dealing with the preimages of intersections is uti-
lized. In this paper, we will let D = I = [0,1].
Definition 1. A map f :D× I →X is said to be δ-fractured over a map g :D× I →X if
there are disjoint balls B1,B2, . . . ,Bm in D × I such that
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(1) diam(Bi) < δ;
(2) f−1(im(g))⊂⋃mi=1 int(Bi);
(3) diam(g−1(f (Bi))) < δ.
Let H(X) denote the set of ordered pairs of path homotopies mapped into a space X.
Define
H0(X)= {(f, g) ∈H(X) | f and g are disjoint homotopies},
K(X)= {(f, g) ∈H(X) | g is a constant path homotopy},
δ(X)=
{
(f, g) ∈H(X) | f is δ-fractured over g}.
Let (X) =⋂∞n=11/n(X). Then (f, g) ∈ (X) if and only if for any ε > 0 and δ > 0,
there are ε-approximations f ′ and g′ of f and g, respectively, such that f ′ is δ-fractured
over g′. The following theorem shows that the map pairs in (X) can be approximated by
disjoint homotopies.
For S ⊂R, let the S-grid of D × I be defined as
GS =
⋃
s∈(S∩[0,1])
[
(s × I)∪ (D × s)].
Theorem 2. (X)⊂H0(X).
Proof. Suppose (f, g) ∈ (X) and ε > 0. Let δ > 0 so that whenever A ⊂ D × I and
diam(A) < 2δ then diam(f (A)) < ε/2. Choose a positive integer n so that
√
2/n < δ. For
i = 0,1, . . . , n, let ti = i/n, Ji = [ti−1, ti ], and T = {t0, t1, . . . , tn}. Then there are ε/2-
approximations h and g′ of f and g, respectively, so that h is 1/n-fractured over g′. Hence
there are disjoint balls B1,B2, . . . ,Bm in D × I such that
(1) diam(Bi) < 1/n;
(2) h−1(im(g′))⊂⋃mi=1 int(Bi); and
(3) diam((g′)−1(h(Bi))) < 1/n.
Without loss of generality we may assume that each Bk is a piecewise linear ball. Let η > 0
so that if (g′)−1(h(Bk))∩D × [ti − η, ti + η] = ∅, then (g′)−1(h(Bk)) ∩D × ti = ∅.
Now let φ :D × I → D × I be a homeomorphism so that ⋃mi=1 φ(Bi) ∩ GT = ∅
and ρ(φ, id) < δ. Such a homeomorphism may be obtained by compressing each Bi
sufficiently close to a point of int(Bi) missing GT within a small ball neighborhood of Bi .
Note that GT determines a subdivision of D × I into squares R(i,j) = [ti−1, ti ] ×
[tj−1, tj ] for i, j = 1,2, . . . , n. Then for each Bk there is a unique R(i,j) so that φ(Bk)⊂
R(i,j). It follows from condition (3) above that if (g′)−1(h(Bk)) ∩ D × tj = ∅, then
(g′)−1(h(Bk)) ∩D × tl = ∅ whenever l = j . Define τ (k) to be one of tj−1 or tj so that
g−1h(Bk) ∩D × τ (k)= ∅. Then there is a homeomorphism ψ :D × I →D × I so that
ψ|GT is the identity map, ψ(R(i,j))= R(i,j) for 1 i, j  n, and ψ ◦φ(Bk) is contained in
an η-neighborhood of D × τ (k) for 1 k m. Such a homeomorphism may be obtained
by pasting together maps on R(i,j) that are a composition of a homeomorphism which takes
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the centers of φ(Bk) to points near D × τ (k) with a homeomorphism which compresses
each image of φ(Bk) to a ball near its center while leaving the boundary of R(i,j) fixed.
Let f ′ = h ◦ (ψ ◦ φ)−1 and B ′i =ψ ◦ φ(Bi). Then the conditions above imply that
(1) diam(B ′i ) < δ;
(2) (f ′)−1(im(g′))⊂⋃mi=1 int(B ′i ); and
(3) diam((g′)−1(f ′(B ′i ))) < 1/n.
Furthermore,
B ′k ⊂D ×
[
τ (k)− η, τ (k)+ η]
and
(g′)−1
(
f ′
(
B ′k
))∩ (D × [τ (k)− η, τ (k)+ η])= ∅
by choice of η. It follows that f ′ and g′ are disjoint homotopies.
Since ρ((ψ ◦φ)−1, id) < 2δ then ρ(f ◦ (ψ ◦φ)−1, f ) < ε/2 by choice of δ. Moreover,
since ρ(f,h) < ε/2 then ρ(f ◦ (ψ ◦ φ)−1, f ′)= ρ(f ◦ (ψ ◦ φ)−1, h ◦ (ψ ◦ φ)−1) < ε/2.
Thus
ρ
(
f,f ′
)
 ρ
(
f,f ◦ (ψ ◦ φ)−1)+ ρ(f ◦ (ψ ◦ φ)−1, f ′)
< ε/2+ ε/2= ε.
Therefore f ′ and g′ are the desired approximations. ✷
It is well known that finite dimensional resolvable generalized manifolds are ANRs.
The following result is demonstrated in the proof of Theorem 5.5 of [8].
Theorem 3. If X is an ANR and K(X)⊂H0(X), then X has DHP.
Corollary 4. If X is an ANR and K(X)⊂(X), then X has DHP.
The reader should note that the conditions of Corollary 4 are easily satisfied by general
position properties for all manifolds of dimension n 4.
The goal of this paper is to show how to construct 2-ghastly spaces X so that K(X) ⊂
(X). It follows that such spaces are codimension one manifold factors. We begin with
some preliminary ideas.
3. Some preliminaries
Let σ be a 2-simplex with distinguished edges e1, e2, and e3 and vertex v = e1 ∩ e2.
Define Bσ (e1, e2) to be the p.l. ball that is the complement of the union of the simplicial
neighborhoods of v and e3 in the second barycentric subdivision of σ (see Fig. 1). Hence
Bσ (e1, e2)= s d2σ −
(
N
(
v, s d2σ
)∪N(e3, s d2σ
))
.
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complement of the shaded region is Bσ (e1, e2).
Let fi = Bσ (e1, e2)∩ei for i = 1,2. Let φσ :D×I → Bσ (e1, e2) be a p.l. homeomorphism
so that φσ |{i−1}×I is a linear map onto fi . For an arbitrary interval J = [s1, s2], define
φσ [J ] :J × I → Bσ (e1, e2) such that φσ [J ](s, t) = φσ ( s−s1s2−s1 , t). Define φ−σ [J ](s, t) =
φσ [J ](s,1− t).
Definition 5. Let K be a simplicial complex with a metric and α :D→ K , a path in K .
Then the drift of α in K is
Drift(α,K)=max{diam(α([s, s′])) | α(s),α(s′) ∈ σ ∈K}.
Theorem 6. Suppose that K is a finite 2-complex and δ > 0. Then there is an η > 0 so that
for any α :D→|K| − |K(0)| there is an embedding g :D× I → |K| such that
(1) ρ(gt , α) < Drift(α,K)+mesh(K) for all t ∈ I ;
(2) im(g)⊂N(im(α),K);
(3) If diam(Z) < η, then diam(g−1(Z)) < δ.
Proof. Let A denote the set of all embeddings g′ : [0,N] × I → |K| that can be obtained
by gluing maps of the form φσ ([n − 1, n]) or φ−σ ([n − 1, n]) together for 0 < n  N
where n and N are integers and σ is a 2-simplex in K . Since K is a finite complex, thenA
is a finite set. Let η > 0 so that whenever diam(Z) < η, then diam((g′)−1(Z)) < δ for all
g′ ∈A.
Now suppose that α :D → |K| − |K(0)|. Let t0 = 0. Inductively, define ti = sup{t |
α(t) ∈ St(α(ti−1),K)}. By finiteness, there is an n so that tn = 1 and tn−1 < 1. For
i = 1, . . . , n, let σi be a 2-simplex in K containing both α(ti−1) and α(ti ). Note that
σi = σj whenever i = j . For i = 1, . . . , n − 1, let ei = σi ∩ σi+1. Thus α(ti ) ∈ ei for
i = 1, . . . , n− 1. Therefore, if k ∈ {1, . . . , n− 1} and ek is an edge of σi , then either k = i
or k = i − 1. Let e0 an edge of σ1 different from e1, and en an edge of σn different from
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e0 and en−1. Let g1 = φσ1[[t0, t1]] : [t0, t1]× I → Bσ1(e0, e1). For i = 1, . . . , n, inductively
define gi as either
φσi [[ti−1, ti]] : [ti−1, ti] × I →Bσi (ei−1, ei)
or
φ−σi [[ti−1, ti]] : [ti−1, ti] × I →Bσi (ei−1, ei)
depending on which map extends gi−1. Let g =⋃ni=1 gi . Since e0, . . . , en are distinct, then
g is an embedding.
Note that for all t ∈ I ,
ρ
(
α|[ti ,ti−1], g|[ti ,ti−1]×t
)
< diam
(
α
([ti , ti−1]
))+ diam(g([ti , ti−1] × I
))
< Drift(α,K)+mesh(K).
Note that there is a g′ ∈ A so that g(s, t) = g′(κ(s), t) where κ : [0,1] → [0,N] is a
piecewise linear dilatation. Hence whenever diam(Z) < δ then
diam
(
g−1(Z)
)
 diam
(
(g′)−1(Z)
)
< δ.
Therefore g is the desired embedding. ✷
4. Constructing the 2-ghastly spaces
The constructions of defining sequences for 2-ghastly spaces is described in [7]. It
will now be shown that by exercising slight control in such constructions it is possible
to produce spaces that satisfy the conditions of Corollary 4 and therefore have DHP.
To briefly outline the construction of a general 2-ghastly space, let M be an orientable
p.l. n-manifold where n 3. Suppose thatM1,M2, . . . ,Mi−1 are elements of a defining
sequence on M that satisfy the appropriate criteria described in [7]. The next element
of the defining sequence Mi is obtained by performing two operations on Mi−1. The
first operation involves carrying out several stages of a certain nested defining sequence
construction, a type I construction, to obtainNi . The type I construction is the same kind of
construction that was used by Cannon and Daverman in [4] to obtain the Totally Wild Flow
Spaces. The second operation is one application of a type II construction that is performed
on Ni to manufacture Mi . The type II construction is similar to the type I construction,
except the elements are slightly modified by adding and deleting small handles so that
it may not be the case that the elements of Mi are nested in the elements of Ni . This
modification is necessary in order to insure that the decomposition space will have no
embedded 2-cells. However the condition
St(x,Mi )⊂ St3(x,Ni ) (1)
is satisfied. The resulting elements ofMi have the form
A=Aσ ∪Aα ∪Aτ
(see Fig. 2) where
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Ghastly Construction. The shaded disks represent the intersection of the thickened (n − 2)-manifolds with the
2-skeleton of the associated triangulation. The thickened arcs can be arranged to miss the 2-skeleton in dimensions
n 4.
(1) Aσ is a subset of an n-cell of a cell decomposition Ki of M . Specifically, if Aσ ⊂ σ ∈
Ki , then
Aσ = σ −
⋃
A′ =A
(
A′α ∪A′τ
)
.
(2) Aτ is the union of disjoint thickened (n− 2)-manifolds.
(3) Aα is a thickened contractible 1-complex that connects Aσ to each component of Aτ .
(4) For distinct elements A,A′ ∈Mi , (Aα ∪Aτ)∩ (A′α ∪A′τ )= ∅.
In order to obtain a decomposition of an n-manifold M that has DHP, suppose that
n  4. Let the first element of the defining sequence, M1, be constructed in the same
manner as described in [7]. For i > 1 we obtainMi by letting Ki be a triangulation of M
so that the elements of Mi−1 are underlying spaces of subcomplexes of Ki . We require
that mesh(Ki) < 1/i and that Ki < Ki−1. Carry out one stage of the type I construction
to obtain N ′i . Using general position, this is done so that if A′ ∈N ′i then A′α ∩K(2)i = ∅
and A′τ ∩K(2)i is the union of disjoint balls missing K(1)i . Hence
⋃
A′∈N ′i ∂A, the boundary
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set of N ′, contains K(2) −⋃B ′∈B′ B ′ where B′ is a finite set of disjoint balls contained ini i i i
K
(2)
i −K(1)i such that each B ′ ∈ B′i is contained in an element ofN ′i (see Fig. 2) . Let Li be
a 2-complex that triangulates K(2)i −
⋃
B ′∈B′i B
′
. Choose ηi < 1/i to satisfy the conditions
of Theorem 6 for δi = 1/i and the 2-complex Li . Next, a series of type I constructions
is carried out to obtain N ′′i so that if x, y ∈ K(2)i −
⋃
B ′∈B′i B
′ and d(x, y) > ηi then
St4(x,N ′′i ) ∩ St4(y,N ′′i ) = ∅. General position is applied as before so that the boundary
set of N ′′i contains K(2)i −
⋃
B ′′∈B′′i B
′′ where B′′i is a set of disjoint balls contained in the
union of the interiors of the elements of B′i and each B ′′ ∈ B′′i is contained in an element
of N ′′i . Finally, enough type I constructions are carried out to obtainNi so that
St3(x,Ni )⊂ St2
(
x,N ′′i
)
and whenever x, y ∈K(2)i −
⋃
B ′′∈B′′i B
′′ and d(x, y) > ηi , then
St6(x,Ni )∩ St6(y,Ni )= ∅. (2)
The second operation is then performed to obtainMi . It follows from Eqs. (1) and (2) that
whenever d(x, y) > ηi then
St2(x,Mi )∩ St2(y,Mi )= ∅.
The decomposition resulting from the defining sequence will be denoted as G. A point x
is contained in the decomposition element
⋂
j St2(g′(x),Mj ). The decomposition space
and the decomposition map are denoted by M/G and π :M →M/G.
Claim 1. Given α :D→M/G and ε0, ε1 > 0, then for sufficiently large i there is a map
α∗ :D→Li ⊂⋃A∈Mi ∂A so that
(1) ρ(α,πα∗) < ε0;
(2) Drift(α∗,Li) < ε1.
Proof. Let α′ be an embedding that is an ε0/2-lift of α. Choose ζ0 > 0 so that whenever
A⊂M and diam(A) < ζ0, then diam(π(A)) < ε0/2.
Choose ζ1 > 0 so that whenever Z ⊂D and diam(Z) < ζ1, then diam(α′(Z)) < ε1/3.
Choose ζ2 so that 0 < ζ2 < min{ζ0, ε1/3} and whenever A⊂M and diam(A) < 3ζ2, then
diam((α′)−1(A)) < ζ1.
Let i be sufficiently large so that mesh(Ki) < ζ2. Then there is a ζ2-approximation α∗
of α′ with image in Li . This can be obtained by pushing im(α′) to K(2)i and then away
from the set B′i . Note that ρ(α,πα∗) < ε0.
(1) Suppose Z ⊂D and diam(Z) < ζ1. Then
diam
(
α∗(Z)
)
< diam
(
α′(Z)
)+ 2ζ2 < ε1.
(2) Suppose A⊂M and diam(A) < ζ2. Then
diam
(
α′(α∗)−1(A)
)
< diam(A)+ 2ζ2 < 3ζ2.
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Since (α∗)−1(A)= (α′)−1α′(α∗)−1(A), then
diam
(
(α∗)−1(A)
)= diam((α′)−1α′(α∗)−1(A))< ζ1.
Therefore if [s, s′] ⊂ D and diam(α∗([s, s′]))  ε1, then |s − s′| = diam([s, s′]) ζ1
by statement (1). Then d(α∗(s), α∗(s′))  ζ2 by statement (2). Since mesh(Li) <
mesh(Ki) < ζ2, it follows that α∗(s) and α∗(s′) cannot lie in the same element of Li .
Therefore Drift(α∗,Li) < ε1 and α∗ is the desired approximation. ✷
Claim 2. K(M/G)⊂(M/G).
Proof. Let (f, α˜) ∈ K(M/G) so that α˜t = α :D → M/G, δ > 0 and ε > 0 be given.
Choose a positive integer n so that
√
2/n < δ. Let ti = i/n for i = 0,1, . . . , n and T =
{t0, t1, . . . , tn}. Let ζ > 0 so that whenever Z ⊂M and diam(Z) < ζ then diam(π(Z)) <
ε/2. By Claim 1 and general p.l. theory, there is an i and ε/2-lifts, α′ :D→M of α and
h′ :D× I →M of f , so that
(1) 1/i < min{ζ/2, δ};
(2) d(im(α′), im(h′)) > 2/i;
(3) α′ :D→ |Li |;
(4) Drift(α′,Li) < ζ/2;
(5) h′ :D× I →K(2)i so that h′|(h′)−1(B ′′) is a covering map and h′(GT )∩B ′′ = ∅ for each
B ′′ ∈ B′′i .
Since M is a manifold we may assume without loss of generality that α′ also misses
|L(0)i |. Let B∗ = {B1,B2, . . . ,Bm} be the collection of all components of (h′)−1(B ′′) where
B ′′ ranges over B′′i . Let g′ :D × I → |Li | be an embedding satisfying the conditions of
Proposition 6 for Li , δi and α′. Note that ηi is specified in the construction of M/G so that
(6) If Z ⊂M and diam(Z) < ηi , then diam((g′)−1(Z)) < δi = 1/i .
Furthermore,
(7) ρ(g′t , α′) < Drift(α′,Li)+mesh(Li) < ζ/2+ 1/i < ζ for all t ∈ I ;
(8) dist(im(g′), im(h′)) > 1/i > ηi , since im(g′)⊂N(im(α′,Li)).
Define h= πh′ and g = πg′. It follows that ρ(g, α˜) < ε and ρ(h,f ) < ε.
To see that h and g are the desired approximations of f and α˜ with respect to
B∗, note that condition 5 implies that diam(Bj ) < δ for Bj ∈ B∗. Furthermore, if x ∈
D × I −⋃mj=1 Bj and y ∈D × I , then dist(h′(x), g′(y)) > 1/i > ηi so
St2(x,Mi )∩ St2(y,Mi )= ∅.
Thus h(x) = g(y). Therefore
h−1
(
im(g)
)⊂
m⋃
j=1
int(Bj ).
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Now suppose x, y ∈D×I , Bj ∈ B and g(x), g(y) ∈ h(Bj ). Then there are z1, z2 ∈ int(Bi)
such that
h′(z1)⊂ St2
(
g′(x),Mi
)⊂ St6(g′(x),Ni
)⊂ St4(g′(x),N ′′i
)
and
h′(z2)⊂ St2
(
g′(y),Mi
)⊂ St6(g′(y),Ni
)⊂ St4(g′(y),N ′′i
)
.
Thus
h′
(
int(Bi)
)⊂ St4(g′(x),N ′′i
)
and h′
(
int(Bi)
)⊂ St4(g′(y),N ′′i
)
.
Hence
St4
(
g′(x),N ′′i
)∩ St4(g′(y),N ′′i
) = ∅.
By choice of ηi , d(g′(x), g′(y)) < ηi . By condition 6, d(x, y) < δi < δ. It follows that
diam
(
g−1
(
h(Bj )
))
< δ
for all Bj ∈ B. Therefore h is δ-fractured over g. ✷
It follows from Corollary 4 that M/G has DHP.
In conclusion, it is still unknown whether there are 2-ghastly spaces that do not
have DHP or that are not codimension one manifold factors. The key to controlling the
construction of the 2-ghastly spaces in order to insure that they have DHP is to take a
sufficient number of type I constructions at each stage of the developing defining sequence.
This is the same control that Daverman and Walsh used to demonstrate that there are
2-ghastly spaces that are codimension one manifold factors by a shrinking argument. Since
taking a large number of type I constructions is natural in satisfying other essential criteria
for the defining sequence, it appears to be a difficult task to determine whether 2-ghastly
spaces that do not have DHP or that are not codimension one manifold factors can exist.
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